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Abstract
We work out some properties of a recently proposed globally N = 1 supersymmetric extension
of relativistic fluid mechanics in four-dimensional Minkowski space. We construct the lagrangean,
discuss its symmetries and the corresponding conserved Noether charges. We reformulate the
theory in hamiltonian formulation, and rederive the (supersymmetry and internal) transformations
generated by these charges. Super-Poincare´ algebra is also realized in this formulation.
† e-mail: tinosn@nikhef.nl
1 Introduction
In recent years, there has been an increased interest in studying hydrodynamical
systems from various points of view. The supersymmetric generalization of planar
Chaplygin gas arising from supermembrane theory in (3 + 1)-dimensional space-
time was proposed in [1, 3]. In (1 + 1) dimensions, there is a large class of models.
As an example we mention a supersymmetric fluid model which has been studied
by Bergner and Jackiw [6]. Related developments in supersymmetrization of gas
models can be found in [4, 5].
We have recently proposed a supersymmetric theory of hydrodynamics in four-
dimensional Minkowski space, for irrotational flow, that is, when the vorticity –the
circulation in the motion of fluid around a fixed point– is zero [7]. However, general
fluid motions are not irrotational. It is therefore, desirable to explore the possibility
of extending the model to a wider class of flows, such as flow with non-vanishing
vorticity. However, in the presence of vorticity, the current Chern-Simons term
could provide an obstruction to constructing a lagrangean for fluid motion. This
obstruction is absent if the hydrodynamical current is decomposed into three scalars
in so-called Clebsch1 parametrization [8].
In a recent work [14] an alternative to the Clebsch decomposition of hydrody-
namical currents in terms of complex potentials taking values in a Ka¨hler manifold
has been proposed. It introduces a general lagrangean density reproducing equations
of motion of a perfect (dissipationless) relativistic fluid:
∂µTµν = 0, Tµν = pgµν + (ε+ p)uµuν , ∂µj
µ = 0, jµ = ρuµ. (1)
where p is the pressure, ε is the energy-density and uµ is the velocity four-vector.
The vanishing divergence of the fluid density current jµ is the equation of continuity
in hydrodynamics which expresses the conservation of the fluid density ρ during the
flow, whilst the divergence-free energy-momentum tensor Tµν expresses the conser-
vation of energy and momentum. In addition to (1), the Ka¨hler parametrization
allows a straightforward generalization to the case of superfields. Thus it can be
used to construct a supersymmetric extension of relativistic fluid mechanics.
In this paper, we work out some properties of the supersymmetric extension of
fluid mechanics proposed in [14] and discuss in details various aspects of this super-
symmetric field theory. In section 2, we present the supersymmetric lagrangean in
terms of superfields and work out its component form. In section 3 we discuss the
internal symmetries of these lagrangeans in terms of Killing vectors, which represent
infinitesimal symmetry transformations. Then we construct infinitesimal supersym-
metry transformations of the fields appearing in the lagrangean. Using Noether’s
procedure, we construct the conserved quantities associated to these symmetries,
such as supercharges, which are the generators of supersymmetry transformations,
as well as the energy-momentum tensor from which the four-momentum is con-
structed. A canonical formulation of the theory in terms of a hamiltonian with a
1Parametrization of any vector field Aµ in terms of three scalar potential (α, β, γ) is called
Clebsch parametrization: Aµ = ∂µα+ β∂µγ
1
corresponding bracket structure is given in section 4. Section 5 contains the conclu-
sions.
2 Supersymmetric lagrangeans
In this section, we construct a supersymmetric lagrangean, using the tensor calculus
as described in [12]. Our aim is to arrive at a recipe which will allow us to write
down a general supersymmetric theory, so that later we can apply the results to the
special case of a supersymmetric extension of relativistic fluid mechanics. As su-
persymmetric models in four dimensions require the target manifold of scalar fields
to be a Ka¨hler manifold, we summarize here the most important results concern-
ing Ka¨hler manifolds relevant for later discussions; for more detailed and complete
discussion on Ka¨hler manifolds see [9, 10, 11].
A Ka¨hler manifold is a complex manifold, parametrized locally by N complex
coordinates zα and their complex conjugates z¯β (α, β = 1, . . . , N) on which a real
line element can be defined by
ds2 = gαβ dz¯
β dzα, (2)
with a hermitian metric gαβ. The hermitian metric gαβ is said to be Ka¨hlerian if
the corresponding Ka¨hler 2-form ω = −igαβ dz¯
β ∧ dzα is closed,
dω = −
i
2
(
gαβ,γ − gγβ,α
)
dzγ ∧ dzα ∧ dz¯β
−
i
2
(
gαβ,γ − gαγ,β
)
dzα ∧ dz¯β ∧ dz¯γ = 0 (3)
The comma denotes a derivative with respect to zα and z¯β . The requirement (3) is
equivalent to the equations
gαβ,γ = gγβ,α, gαβ,γ = gαγ,β. (4)
From now on, we consider Ka¨hler manifolds of complex dimension one, which are
relevant for the following discussion. Locally, the metric can be derived from a scalar
potential K(z, z¯), the Ka¨hler potential, as a second mixed derivate with respect to
z and z¯
gzz¯ = K,zz¯. (5)
The complex connections Γzzz and curvature tensor Rzz¯zz¯ of a Ka¨hler manifold are
given by
Γzzz = g
zz¯gz¯z,z, Rzz¯zz¯ = gzz¯,zz¯ − gz¯z,z¯g
zz¯gz¯z,z¯. (6)
where gzz¯ is the inverse of the metric gzz¯.
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Having briefly discussed the Ka¨hler geometry, we now turn to the construction
of the action. It is defined in terms of two sets of chiral2 superfields Φ = (z, η+, H),
Λ = (s, χ+.h) and a real vector multiplet V = (C, ψ±,Z, Vµ, λ±, D). In terms of
these multiplets, we propose the following action [14]
S =
∫
d4xL, with L =
[
V
(
K(Φ, Φ¯) + Λ + Λ¯
)
−F(V )
]
D
(7)
Here F(V ) is an analytic function of the real vector multiplet V . The component
form of the action (7) after eliminating the auxiliary fields D,H, h, H,χ+, λ+ and
their complex conjugates reads
L = V µ
(
2∂µN − iK,z∂µz + iK,z¯∂µz¯ + 2igzz¯ η¯−γµη+ +
i
2
F ′′′(C)ψ¯+γµψ−
)
− 2C
(
gzz¯ ∂µz∂
µz¯ + gzz¯ η¯+
↔
D/ η− − Rzz¯zz¯ η¯+ η+ η¯− η−
)
−
1
2
F ′′(C)
[
∂µC∂
µC − VµV
µ + ψ¯+
↔
∂/ ψ−
]
−
2
C
gzz¯ ψ¯+ η+ ψ¯− η− (8)
+ 2igzz¯
(
ψ¯+∂/zη− − ψ¯−∂/z¯η+
)
−
1
8
F ′′′′(C)ψ¯+ ψ+ ψ¯− ψ−.
In this expression we used the notation of the metric gzz¯, connection Γ
z
zz and curva-
ture Rzz¯zz¯, given in (5) and (6) respectively. The primes are the derivatives of F(C)
w.r.t. its argument and N = Im s is the imaginary3 component of s. The Ka¨hler
covariant derivative of a chiral spinor and the left-right arrow above the covariant
derivative are are defined by
D/ η− = ∂/η− + Γ¯
z¯
z¯z¯∂/z¯η−, ψ¯±
↔
∂/ ψ± = ψ¯±γ
µ∂µψ± − ∂µψ¯±γ
µψ±
D/ η+ = ∂/η+ + Γ
z
zz∂/zη+. (9)
3 Symmetries and currents
In the this section, we discuss the symmetries of the theory described by the ac-
tion (7), and the resulting conserved quantities. We first discuss internal symmetry,
then we give the infinitesimal supersymmetry transformations. After that we con-
struct the energy-momentum tensor following from the invariance of the action under
translation.
Internal symmetries are realized as a set of holomorphic Killing vectors Ri(z)
and R¯i(z¯), which are a solutions of the Killing equation
Riz¯,z + R¯
i
z,z¯ = 0. (10)
2Our conventions for chiral spinors are given in the appendix
3We take this opportunity to point out that N is the Im s and not Re s as it appeared in [7].
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Here Riz¯ = gzz¯R
iz. The Killing vectors generate the isometries of the manifold
corresponding to the coordinate transformations
δz = z′ − z = Θi δiz = Θ
iRzi (z), (11)
with Θi the parameters of the infinitesimal transformations. The isometries define
a Lie algebra of the isometry group G, with structure constants f kij via the Lie
derivative by:
(LRi [Rj])
z = R zi R
z
j,z − R
z
j R
z
i,z = f
k
ij R
z
k . (12)
The infinitesimal transformations of other superfield components are found by re-
quiring the isometries to commute with supersymmetry [13]
δη+ = Θ
iRzi, z(z)η+, δH = Θ
i
(
Rzi, z(z)H − R
z
i, zz(z)η¯+η+
)
. (13)
If G has a subgroup H under which the transformations (11) are linear in z, we
may visualize the manifold as a coset space G/H. A particularly simple example is
provided by the coset space SU(2)/U(1) with the Ka¨hler potential
K(z¯, z) = ln(1 + z¯z). (14)
The explicit form of the Killing vectors (11) in the SU(2)/U(1) case are
δz = ǫ+ iθz + ǫ¯z2 = Rz(z), (15)
with Θ = (θ, ǫ, ǫ¯). Here θ is the parameter of U(1) ⊂ SU(2) phase transformation,
and (ǫ¯, ǫ) are the complex parameters of the broken off-diagonal SU(2) transfor-
mations. Under the isometry transformations (15) the Ka¨hler potential K(z, z¯) is
invariant up to the real part of a holomorphic function F (z) transforming in the
adjoint representation of the algebra (12):
δK(z¯, z) = F (z) + F¯ (z¯), F (z; θ, ǫ¯) =
i
2
θ + ǫ¯z. (16)
The transformations of chiral superfield Λ and the real vector superfield V are
obtained by requiring that the full action to be invariant under the isometry trans-
formations (15):
δΛ = −F (Φ), δV = 0. (17)
Observe, that the transformations of the scalar N can therefore be written as
δN =
i
2
(
F (z)− F¯ (z¯)
)
. (18)
The isometries (15) can be obtained locally as gradients of a set of real Killing
potentials, defined by
G(θ, ǫ, ǫ¯) = i
(
K,z R(z)− F (z)
)
=
1
2
θ(1− z¯z) + 2i(ǫz¯ − ǫ¯z)
1 + z¯z
. (19)
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Indeed, the variations (11) are given by
δz = −igzz¯G,z¯(θ, ǫ, ǫ¯). (20)
Let us now return to the case of general K(z, z¯) and construct the charges. A set
of conserved currents can be derived using the Noether procedure from the isometry
transformations (11), (13) and (18) . The resulting currents are:
Jµ(G) = −2VµG− 2G;z
(
iC∂µz − ψ¯−γµη+
)
+2G;z¯
(
iC∂µz¯ + ψ¯+γµη−
)
+4iCG;z¯;z η¯−γµη+, (21)
where the semicolon denotes a covariant derivative using the connection (6). These
currents are divergence free
∂ · J = 0 (22)
as it can be verified explicitly using the equations of motion. The field equations
derived from lagrangean (8) read
F ′′(C)C = 2gzz¯
(
∂z · ∂z¯ + η¯+
↔
D/ η−
)
−
1
2
F ′′′(C)
[
V 2 + (∂C)2
−ψ¯+
↔
∂/ ψ−
]
−
i
2
F ′′′′(C)ψ¯+ V/ ψ− +
1
8
F ′′′′′(C)ψ¯+ ψ+ ψ¯− ψ−
−
2
C2
gzz¯ψ¯+ η+ψ¯− η− + 2Rzz¯zz¯η¯+ η+η¯− η− (23)
F ′′(C)Vµ + 2∂µN = i
(
K,z∂µz −K,z¯∂µz¯ − 2gzz¯η¯−γµη+
)
−
i
2
F ′′′(C)ψ¯+γµψ− (24)
∂ · V = 0, (25)
−2Cgzz¯z = 2igzz¯ ψ¯−∂/η+ + 2igzz¯,z ψ¯−∂/zη+ − 2igzz¯
(
V · ∂z + η¯+∂/ψ−
)
+gzz¯,z¯
(
2iη¯−V/ η+ −
2
C
ψ¯+ η+ ψ¯− η− + 2iψ¯+∂/zη−
−4Cη¯−∂/η+ + 2η¯+∂/Cη−
)
+2Cgzz¯ ∂C · ∂z + 2Cgzz¯,z ∂z · ∂z
+2CRzz¯zz¯,z¯η¯+η+η¯−η− + 4Cgz¯z,z¯zη¯+∂/zη− (26)
for the bosonic fields, and
F ′′(C)∂/ψ+ = −
1
2
F ′′′(C)
(
∂/C + iV/
)
ψ+ −
1
4
F ′′′′(C)ψ− ψ¯+ ψ+
−2gzz¯
( 1
C
η−ψ¯+ + i∂/z¯
)
η+, (27)
4CD/ η+ = −2
(
∂/C − iV/ +
1
C
ψ−ψ¯+
)
η+ − 2i∂/zψ+
+4Cgzz¯Rzz¯zz¯η−η¯+η+, (28)
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for the fermionic ones. All other equations of motion for (z¯, ψ−, η−) are obtained by
complex conjugation of (26), (27) and (28) respectively. Expression (26) simplify
considerably if we use the field equation (28) for η+
− 2D · (C∂z) = 2iψ¯−D/ η+ − 2i
(
V · ∂z + η¯+∂/ψ−
)
+2Cgzz¯Rzz¯zz¯;z¯η¯+η+η¯−η− + 4Cg
z¯zRz¯zz¯zη¯+∂/zη−. (29)
Here the curly D represents a Ka¨hler-covariant derivative:
Dµ(∂
µz) = z + ∂zΓzzz · ∂z. (30)
The conserved charges q(G) are obtained from the divergence free currents (22)
q(G) =
∫
d3xJ0(G). (31)
We now turn to the construction of supercharges. The infinitesimal supersym-
metry transformations leaving the action (8) invariant, with anti-commuting chiral
spinor parameters ǫ+ and ǫ− are
δC = i
2
ǫ¯+ψ+ −
i
2
ǫ¯−ψ−, δz = ǫ¯+η+,
δψ+ = −
1
2
(V/ + i∂/C)ǫ− δψ− = −
1
2
(V/ − i∂/C)ǫ+,
δVµ = ǫ¯+σµν∂
νψ+ + ǫ¯− σµν∂
νψ− δz¯ = ǫ¯−η−,
δN = 1
4
F ′′(C)(ǫ¯+ψ+ + ǫ¯−ψ−) +
i
2
(ǫ¯+K,zη+ − ǫ¯−K,z¯η−),
δη+ =
1
2
(
∂/zǫ− + ǫ+
1
2C
gzz¯ (iψ¯+η+ + 2Cgzz¯,zη¯+η+)
)
,
δη− =
1
2
(
∂/z¯ǫ+ + ǫ−
1
2C
gzz¯ (−iψ¯−η− + 2Cgzz¯,z¯η¯−η−)
)
.
(32)
Under these transformations the variation of the lagrangean is a total derivative:
δL = ∂µ
( i
2
ǫ¯+B
µ
+ −
i
2
ǫ¯−B
µ
−
)
, (33)
with the vector-spinor Bµ± given, modulo equations of motion, by
Bµ+ ≃ 2gzz¯γ
µ η−ψ¯+ η+ + 2iCgzz¯ ∂/z¯γ
µ η+ −
1
2
F ′′(C)γµ
(
∂/C + iV/
)
ψ+
−
1
2
F ′′′(C)γµ ψ− ψ¯+ψ+ (34)
Bµ− ≃ 2gzz¯γ
µ η+ ψ¯− η− − i2Cgzz¯ ∂/zγ
µη− −
1
2
F ′′(C)γµ
(
∂/C − iV/
)
ψ−
−
1
2
F ′′′(C)γµψ+ ψ¯−ψ−.
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where the similarity sign ≃ in (34) signifies that the vector-spinors are given up
to equations of motion. The supercurrents Sµ± following from the invariance of
the action (7) under supersymmetry variations (32) are obtained using standard
methods. By the usual Noether theorem, one finds for the supercurrent (and its
hermitian conjugate) in terms of the variations of the complete set of fields A:
i
2
ǫ¯+S
µ
+ −
i
2
ǫ¯−S
µ
− =
i
2
ǫ¯+B
µ
+ −
i
2
ǫ¯−B
µ
− −
δL
δ∂µA
δA, (35)
with Bµ± given in (34). A little work reveals that
Sµ+ = 4Cgzz¯γµ η−ψ¯+ η+ − 4iCgzz¯∂/z¯γµη+ + F
′′(C)(∂/C + iV/ )γµψ+
−
1
2
F ′′′(C)γµψ− ψ¯+ ψ+ − 2iCgzz¯,zγµη− η¯+η+,
Sµ− = 4gzz¯γµη+ ψ¯− η− + 4iCgzz¯∂/zγµη− + F
′′(C)(∂/C − iV/ )γµψ−
−
1
2
F ′′′(C)γµψ+ψ¯−ψ− + 2iCgz¯z,z¯γµη+ η¯−η−. (36)
The supercurrents and its hermitian conjugate are separately conserved:
∂µS
µ
± = 0, (37)
as can be verified by use of equations of motion. From these currents one constructs
the conserved spinors supercharges
Q± =
∫
d3xS0±, (38)
which are the generators of supersymmetry transformations.
Since supersymmetric field theories are translationally invariant, the theory de-
scribed by lagrangean (8) conserves energy-momentum. By the Noether procedure,
translation invariance leads to non-symmetric currents Θµν defined by
Θµν = −
δL
δ(∂µAi)
∂νAi + gµνL, (39)
where L is the lagrangean (8), and the sum is taken over the various fields of the
theory. The symmetrized version of the energy-momentum tensor Tµν is obtained
by the addition of an improvement term Ωµν which is the anti-symmetric part of
(39)
Tµν = F
′′(C)
(
∂µC∂νC + VµVν +
1
4
ψ¯+γ{µ
↔
∂ ν} ψ−
)
+
i
4
F ′′′(C)ψ¯+V{µγν}ψ−
+2Cgzz¯
(
∂µz∂ν z¯ + ∂µz¯∂νz +
1
2
η¯+γ{µ
↔
∂ ν} η−
)
+igzz¯η¯−V{µγν}η+
−
[
igzz¯ψ¯+∂{νzγµ}η− + h.c.
]
−
[
Cgzz¯,zη¯+∂{νzγµ}η− + h.c.
]
+gµνL, (40)
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Here {µ, ν} denotes the symmetrized expression. The conservation of the energy-
momentum tensor follows up on using the field equations. From this energy-momentum
tensor one construct the conserved four-momentum
Pµ =
∫
d3xTµ0. (41)
In the following section, we construct the explicit expressions for the supercharges
(38) and four-momentum vector (41).
4 Canonical analysis
In this section, we show that the supercharges Q± satisfy the supersymmetry algebra
and that they generate the supersymmetry transformations (32) as well as the space-
time translations on the fields. As this action of the supersymmetry algebra in terms
of Q± requires the use of canonical variables and hamiltonian equations of motion,
we first present a canonical formulation of the theory and describe the dynamics in
terms of phase-space coordinates and the hamiltonian. However in this formalism,
the fermionic momenta turn out not to be independent degrees of freedom, as they
are constrained to fermionic fields themselves. To eliminate these constraints we
introduce Poisson-Dirac brackets, defined as the Poisson brackets from which the
second class constraints have been projected out.
We now present details of this analysis. The canonical momenta of the theory
are defined by
πC =
δL
δC˙
= F ′′(C)C˙, πN =
δL
δN˙
= 2V 0,
πz =
δL
δz˙
= iK,zV0 + 2Cgzz¯ ˙¯z + 2igzz¯ψ¯+γ
0η− + 2Cgzz¯,zη¯+γ
0η−,
π¯z¯ =
δL
δ ˙¯z
= −iKz¯V0 + 2Cgzz¯z˙ − 2igzz¯ψ¯−γ
0η+ + 2Cgzz¯,z¯η¯−γ
0η+
πψ± = γ0
δL
δ ˙¯ψ∓
=
1
2
F ′′(C)ψ±, πη± = γ0
δL
δ ˙¯η∓
= 2Cgzz¯η±. (42)
Here we included γ0 in the definition of the fermionic momenta so that the mo-
menta of Majorana variables are Majorana themselves as well. Clearly, the last two
equations of (42) are second-class constraints, expressing the fermionic momenta
(πψ±, πη±) in terms of fermionic fields:
χψ± = πψ± −
1
2
F ′′(C)ψ± ≃ 0, χη± = πη± − 2Cgzz¯η± ≃ 0 (43)
The similarity sign ≃ in last equality of (43) signifies that the constraints are defined
only on a subset (the physical shell) of the full phase space. In this extended phase
8
space, the equal-time Poisson brackets of the theory are defined by{
πη±(r), η¯∓(r
′)
}
=
{
πψ±(r), ζ¯∓(r
′
}
=
{
ψ±(r
′), π¯ζ∓(r)
}
= γ0P∓ δ
3(r− r′)
{
η∓(r
′), π¯η±(r)
}
= γ0P± δ
3(r− r′), {N(r), πN(r
′)} = δ3(r− r′),
{z(r), πz(r
′)} = {z¯(r), π¯z¯(r
′)} = {C(r), πC(r
′)} = δ3(r− r′), (44)
where P± =
1
2
(1± γ5) are the left- and right-handed chiral projection operators.
In order to describe the canonical dynamics on the reduced phase-space deter-
mined by the constraint equations (43), we introduce Poisson-Dirac brackets
{A,B}∗ = {A,B} − {A, χi}C
−1
ij {χj , B} , (45)
where C−1ij is the inverse of the matrix of constraint brackets
Cij = {χi(r, t), χ¯j(r
′, t)} (46)
= −


0 F ′′(C)γ0P− 0 0
F ′′(C)γ0P+ 0 0 0
0 0 0 4Cgzz¯γ
0P−
0 0 4Cgzz¯γ
0P+ 0

 δ3(r− r′).
Applying this prescription, we obtain the full set of non-zero Poisson-Dirac brackets
of our theory:
{z(r), πz(r
′)}
∗
= {z¯(r), π¯z¯(r
′)}
∗
= {C, (r)πC(r
′)}
∗
= δ3(r− r′),
{
πC(r), ψ¯±(r
′)
}∗
=
F ′′′(C)
2F ′′(C)
ψ¯±δ
3(r− r′), {πz(r), η¯±(r
′)}
∗
=
1
2
Γzzz η¯±δ
3(r− r′),
{π¯z¯(r), η¯±(r
′)}
∗
=
1
2
Γz¯z¯z¯ η¯±δ
3(r− r′), {η±(r), η¯∓(r
′)}
∗
=
1
4C
gzz¯γ0P∓δ
3(r− r′),
{
ψ±(r), ψ¯∓(r
′)
}∗
=
1
2F ′′(C)
γ0P∓δ
3(r− r′), (47)
{η±(r), πz(r
′)}
∗
= −
1
2
Γzzzη±δ
3(r− r′), {η±(r), π¯z¯(r
′)}
∗
= −
1
2
Γz¯z¯z¯η±δ
3(r− r′),
{N(r), πN(r
′)}
∗
= δ3(r− r′), {ψ±(r), πC(r
′)}
∗
= −
F ′′′(C)
2F ′′(C)
ψ±δ
3(r− r′)
The Poisson-Dirac brackets of Noether charges (31) generate the isometries trans-
formations, as defined in (11), (13) and (18)
δMA = {q, A}
∗ , (48)
where the canonical Noether charges (31) is
q[G] =
∫
d3x
[
πNG− g
zz¯Gz
(
iπ¯z¯ +
1
2
Kz¯πN
)
+gzz¯Gz¯
(
iπz −
1
2
KzπN
)
−2iC
(
Gz Γ¯
z¯
z¯z¯ +Gz¯ Γ
z
zz − 2Gzz¯
)
η¯−γ0η+
]
. (49)
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One may check the closure of the algebra of conserved charges by computing the
Poisson-Dirac brackets of such two charges. After a long calculation, one finds that
the result has the structure of a Poisson bracket on the 2-d manifold spanned by
(z¯, z).:
{
q[G(1)], q[G(2)]
}∗
= q[G(3)], with G(3) = i gzz¯
(
G(1)z G
(2)
z¯ −G
(1)
z¯ G
(2)
z
)
. (50)
The canonical hamiltonian, obtained from lagrangean (8) by Legendre transfor-
mation, reads
H =
∫
d3x
[ 1
2F ′′(C)
π2C +
(1
8
F ′′(C) +
1
8C
gzz¯K,zK,z¯
)
π2N +
1
2C
gzz¯πzπ¯z¯
− iπN
(1
4
F ′′′(C)ψ¯+γ0ψ− + gzz¯η¯−γ0η+
)
+
1
8
F ′′′′(C)ψ¯+ ψ+ ψ¯− ψ−
+
1
2
F ′′(C)
(
(~∇C)2 + ~V 2 ++ψ¯+
↔
∇/ ψ−
)
+2Cgzz¯
(
~∇z~∇z¯ + η¯+
↔
∇/ η−
)
−2C
(
Rzz¯zz¯ − Γ
z
zz gzz¯,z¯
)
η¯+ η+ η¯− η− +
2
C
gzz¯ψ¯+ γ
0 η− ψ¯− γ
0η+ +
+
2
C
gzz¯ψ¯+ η+ ψ¯− η− +
{
−
i
C
ψ¯+γ
0η−π¯z¯ + h.c
}
+igzz¯,z¯η¯− η− ψ¯+ η+
+
{ iK,z
4Cgzz¯
πN π¯z¯ + h.c
}
−
{K,z
2C
πN ψ¯−γ
0η+ + h.c
}
−igzz¯,zη¯+ η+ ψ¯− η−
−
{
2igzz¯η¯−~∇/ zψ+ + 2Cgzz¯,zη¯+~∇/ zη− + Γ
z¯
z¯z¯πz η¯− γ
0η+ + h.c
}]
. (51)
In this expression we have used for the 3-dimensional contraction ∇/ = ~γ · ~∇ a
notation analogous to the 4-dimensional one. After a long and tedious calculation
one finds that brackets with the hamiltonian reproduce all the field equations we
derived earlier from the lagrangean (8):
∂0A = {A,H}
∗ . (52)
We now turn to the construction of the canonical super-Poincare´ algebra. First
we construct the canonical expressions for the energy-momentum vector (41) and
the supercharges Q± (38). For the four-momentum vector we find the result
P0 =
∫
d3xH = H
Pi =
∫
d3x
[
−πC∇iC − πN∇iN −−
1
2
F ′′(C)ψ¯+γ0
↔
∇/ ψ− − 2Cgzz¯η¯+γ0
↔
∇/ η−
−
{ 1
8C
K,z¯πN η¯−γiψ+ + πz
(
∇iz −
i
4C
η¯+γiψ−
)
+
+
i
2
gzz¯,z (η¯+γiψ−) (η¯+γ0η−) + h.c
}]
. (53)
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It generates space time translations on the fields A:
∂µA = {A, Pµ}
∗ . (54)
The phase-space supercharges Q± are obtained directly from the supercurrents (36),
which reads explicitly
Q+ =
∫
d3r
[(
F ′′(C)∇/ C − 2i∇/ N +K,z¯∇/ z¯ −K,z∇/ z
)
γ0ψ+
+
1
4
F ′′′′(C)γ0ψ− ψ¯+ ψ+ +
(
πC −
i
2
F ′′(C)πN
)
ψ+ +
(
K,zπN − 2iπz
)
η+
−4iCgzz¯∇/ z¯γ0η+ − gzz¯γ0η−ψ¯+η+
]
(55)
Q− =
∫
d3r
[(
F ′′(C)∇/ C + 2i∇/ N +K,z∇/ z −K,z¯∇/ z¯
)
γ0ψ− +
+
1
4
F ′′′′(C)γ0ψ+ ψ¯− ψ− +
(
πC +
i
2
F ′′(C)πN
)
ψ− +
(
K,z¯πN + 2iπ¯z¯
)
η−
+4iCgzz¯∇/ zγ0η− − gzz¯γ0η+ψ¯−η−
]
.
It is now straightforwards to generate the infinitesimal supersymmetry transforma-
tion (32) by Poisson-Dirac bracketing with the spinor charges (55)
δ(ǫ±)A = ±
i
2
{A, ǫ¯±Q±}
∗ . (56)
These results show that the spinor charges Q± give the correct supersymmetry trans-
formation of all the fields in the theory. The commutator of two such transformations
with parameters ǫ1, ǫ2 indeed gives a translation with parameter ξµ = 1
2
ǫ¯ 2+γ
µǫ1−+h.c.:
[δ(ǫ1), δ(ǫ2)]A = ξµ∂µA. (57)
This can be verified explicitly by using the Poisson-Dirac brackets. Then equation
(57) becomes:
±
i
2
{{
A, ǫ¯ 2±Q±
}∗
, ǫ¯ 1±Q±
}∗
− (ǫ2 ↔ ǫ1) = ξµ∂µA (58)
up to terms which vanish on-shell. By rearranging the terms in (58) using the Jacobi
identity, we therefore have
±
i
2
{
A,
{
ǫ¯ 2±Q±, ǫ¯
1
±Q±
}∗}∗
= ξµ {A, Pµ}
∗ , (59)
for any A. It follows that
±
i
2
{
ǫ¯ 2±Q±, ǫ¯
1
±Q±
}∗
= ξµPµ (60)
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Now, by expanding out equation (60), one obtains the supersymmetry algebra rela-
tions
{
Q±, Q¯∓
}∗
= 2P/ , {Q±, Pµ}
∗ = 0. (61)
The last equation of (61) follow immediately from (54). The brackets structure
shows Poincare´ supersymmetry to be realized also in the canonical formulation of
the theory.
5 Summary and discussion
In this paper we have presented a complete formulation of a particular supersym-
metric field theory on an arbitrary Ka¨hler manifold. We have started with the
construction of the lagrangeans then, discussed various aspects of these general
constructions. The supercurrents and the energy-momentum tensor following from
the invariance of the action under supersymmetry and translation are constructed.
Assuming that there exists an isometry group G which leaves the lagrangean invari-
ant, we have constructed the corresponding conserved isometry currents, in terms
of Killing vector Rz(z).
Next, we discussed in details the canonical formulation of the theory in terms of
hamiltonian. We have explicitly constructed the canonical supercharges. We have
shown that these supercharges generate the supersymmetry transformations, and
satisfy the standard super-Poincare´ algebra.
To get the hydrodynamical interpretation of the models, one has to relate the
fields in our model to the particle number density ρ and the velocity four-vector uµ,
which is time-like u2µ = −1. In particular, in the limit in which all fermion fields
vanish, we have to identify the vector component Vµ with the particle number density
ρ and uµ as in (1). This implies that Vµ is time-like four vector. However, this is not
sufficient for this field theory to describe a relativistic model of hydrodynamics. We
have to show that this identification is consistent with the field equation (25) which
is the relativistic equation of continuity. Finally, to complete the hydrodynamical
interpretation of the models describe by (8), it should be possible to write the bosonic
part of the energy-momentum tensor (40) in standard form (1). The two energy-
momentum tensors (1) and (40) can be equivalent only in the hydrodynamical regime
(C, η± → 0) of the model. This analysis has been discussed in [14].
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A Appendix: Notations and conventions
In this appendix we collect the conventions we used in this paper. Symmetrization
of objects enclosed is denoted by braces {. . . }, anti-symmetrization by the square
brackets [. . . ]; the total weight of such (anti-)symmetrization is always unit.
In this paper, we reformulated the theory in a hamiltonian formulation. To avoid
a confusion, we have used the braces {, } to denote the Poisson brackets, {, }∗ to
denote Poisson-Dirac brackets.
The Minkowski metric gµν has a signature (−1,+1,+1,+1). Our conventions
for chiral spinors
Σ± =
1± γ5
2
Σ±, Σ± ≡ (λ±, ψ±, η±, χ±) (62)
are such, that γ5Σ± = ±Σ± and Σ¯±γ5 = ±Σ¯±; charge conjugations acts as Σ± =
CΣ¯T±, where Σ¯± = iΣ
†
∓γ0. It should also be noted, that the euclidean γ4 = iγ0 is
hermitean, hence γ0 is anti-hermitean. The charge-conjugation operator C defined
in the spinor space satisfies the properties:
C = C† = C−1 = −CT , CγµC
−1 = − γTµ (63)
where the superscript T denotes transposition in spinor space. From this it follows,
that
Cγ5C
−1 = γT5 , CσµνC
−1 = −σTµν with σµν =
1
4
[γµ, γν ] . (64)
With these definitions one can show by taking the transposition of a scalar the
following identities:
Σ¯±1∆± = ∆¯± 11Σ±, Σ¯±γµ∆± = −∆¯± γµΣ±,
Σ¯±γ5∆± = ∆¯± γ5Σ±, Σ¯± σµν ∆± = −∆¯± σµν Σ±. (65)
Hermitian conjugation on bispinor reverses by definitions the order of the spinors
(ψ χ) † = χ † ψ † with no minus sign. Using this one can show that h.c. replaces
i↔ −i and +↔ −:
(Σ¯±∆±)
† = Σ¯∓∆∓, (Σ¯± ∂/∆∓)
† = Σ¯∓ ∂/∆±
(66)
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